In this paper we obtain conserved charges of spin-3 topologically massive gravity by using a quasi-local formalism. We find a general formula to calculate conserved charge of the spin-3 topologically massive gravity which corresponds to a Killing vector field ξ. We show that this general formula reduces to the previous one for the ordinary spin-3 gravity presented in [18] when we take into account only transformation under diffeomorphism, without considering generalized Lorentz gauge transformation (i.e. λ ξ = 0), and by taking 1 µ → 0. Then we obtain a general formula for the entropy of black hole solutions of the spin-3 topologically massive gravity. Finally we apply our formalism to calculate energy, angular momentum and entropy of a special black hole solution and we find that obtained results are consistent with previous results in the limiting cases. Moreover our result for energy, angular momentum and entropy are consistent with the first law of black hole mechanics.
Introduction
Higher spin gravity was formulated by Vasiliev and collaborators in papers [1] . In its simplest form it is an extension of ordinary gravity that includes a massless scalar and massless fields with spins S = 3, 4, .... In [2] Vasiliev proposed a system of gauge invariant nonlinear dynamical equations for totally symmetric massless fields of all spins in (A)dS backgrounds. According to the result of this paper, "in the framework of gravity, unbroken higher spin gauge symmetries require a non-zero cosmological constant". In paper [3] the authors have considered the coupling of a symmetric spin-3 gauge field ϕ µνλ to 3-dimensional gravity in a second order metric-like formulation. In the context of frame-like approach the gravitational coupling of a symmetric tensor of rank 3 in the presence of negative cosmological constant can be given by SL(3, R) × SL(3, R) Chern-Simons theory [4, 5, 6] . The emergence of W -algebras as asymptotic symmetries of higher-spin gauge theories coupled to three-dimensional Einstein gravity with a negative cosmological constant has been discussed in [4] . Higher-spin theories in AdS 3 , like ordinary gravity, they possess no propagating degrees of freedom [4, 7] . Pure Einstein-Hilbert gravity in three dimensions exhibits no propagating physical degrees of freedom [8, 9] . But adding the gravitational Chern-Simons term produces a propagating massive graviton [10] . The resulting theory is called topologically massive gravity (TMG) . The authors of [11] have done the generalization of topologically massive gravity to higher spins, specifically spin-3 (see also [12] ). In this paper we would like to obtain conserved charges of black hole solutions of spin-3 topologically massive gravity by using a quasi-local formalism. Here, we just consider diffeomorphism covariance and we find energy, angular momentum, and entropy, but we don't investigate the higher-spin charges. A method to calculate the energy of asymptotically AdS solution was given by Abbott and Deser [13] . Deser and Tekin have extended this approach to the calculation of the energy of asymptotically dS or AdS solutions in higher curvature gravity models and also to TMG [14] . The authors of [15] have obtained the quasi-local conserved charges for black holes in any diffeomorphically invariant theory of gravity. By considering an appropriate variation of the metric, they have established a one-to-one correspondence between the ADT approach and the linear Noether expressions. They have extended this work to a theory of gravity containing a gravitational Chern-Simons term in [16] , and have computed the off-shell potential and quasi-local conserved charges of some black holes in TMG. In the first order formalism, quasi-local conserved charges of Lorentz-diffeomorphism covariant theories of gravity are investigated in [17] . But there are theories which are not Lorentz-diffeomorphism covariant so for such theories a method for which one can calculate conserved charges of Lorentz-diffeomorphism covariant theories are useless. In previous paper [19] by introducing the total variation of a quantity due to an infinitesimal Lorentz-diffeomorphism transformation, we have obtained the conserved charges in Lorentz-diffeomorphism non-covariant theories. The formalism proposed in [19] is for on-shell case. In this paper we want to extend this formalism to the spin-3 topologically massive gravity. We find an expression for ADT conserved current which is off-shell conserved for a given Killing vector field. Then we can find the generalized ADT conserved charge by virtue of the Poincare lemma. In ref.
[18] the energy of the higher spin black hole solutions of ordinary higher spin gravity has obtained by canonical formalism. Here we not only obtain the energy but also we find the angular momentum of black hole solutions of spin-3 topologically massive gravity. Furthermore we obtain a general formula for entropy of black hole solutions of spin-3 topologically massive gravity, where by substituting e ab µ = ω ab µ = 0, this formula reduces to the entropy formula in the ordinary topologically massive gravity which we obtained previously in the paper [19] .
2 First-order formalism of 3D spin-3 gravity
In this section, we will briefly review relevant aspects of spin-3 gravity in three dimensions in a slightly different way. We can describe the spin-3 gravity in three dimensions by the generalized dreibein and spin-connection [4] . We want to work in the first order formalism, so we take generalized spin-connection as an independent quantity as well as generalized dreibein. The algebra sl(3, R) have 3 generators J a and 5 generators T ab with the following commutation relations 3
where T ab are symmetric and trace-less in the Lorentz indices. In the representation we have considered the inner product of the generators are [20] tr(J a ) = 0,
The generalized dreibein and the generalized spin-connection take values in the Lie algebra sl(3, R) as follows respectively:
a, b = 0, 1, 2. Notice that e ab µ is symmetric and trace-less with respect to Lorentz indices. It is convenient to write the generalized dreibein one-form and the generalized spin-connection one-form as [3, 21] 
respectively, and A = 1, ..., 8. In the above J A denotes a full set of sl(3, R) generators,
3 In this paper, we use the ordinary symmetrization by a pair of parentheses, for instance
(AµBν + AνBµ), i.e. we divide by the number of terms in the symmetrization.
where f AB C are anti-symmetric structure constants. The Killing form in the fundamental representation of sl(3, R) is defined as
and the anti-symmetric and symmetric structure constants of the Lie algebra are given by
Translating the frame-like formalism to the metric-like formalism given by the following transformations [4] g µν = 1 2! tr(e (µ e ν) )
where g µν is the metric and ϕ µνλ is the spin-3 field and it is totally symmetric. By substituting e µ from Eq. (5) into Eq.(9) and using Eq. (7) and Eq. (8) we have
It is clear that g µν and ϕ µνλ both are invariant under the following Lorentzlike gauge transformationẽ
where L ∈ SL(3, R) and we can write L = exp (λ) so that λ is the generator of Lorentz-like transformation and it is a sl(3, R) Lie algebra valued quantity,
Now we can introduce the exterior covariant derivative by demanding that it be covariant under the Lorentz-like transformation (11) as well as diffeomorphism covariance. To this end, we need to introduce the generalized spin-connection in the form of (5). Thus, we can define exterior covariant derivative as
In order the above exterior derivative be covariant under the Lorentz-like transformation, the generalized spin-connection must transforms as
where d denotes the ordinary exterior derivative. Now, one can define the total derivative as follows:
where Γ λ µν can be interprets as Affine connection and ∇ denotes the ordinary covariant derivative which is defined by using Affine connection. The metricconnection compatibility condition ∇ λ g µν = 0 leads to the total derivative of dreibein vanishes, i.e. D
(T )
µ e ν = 0. Therefore, one can define the generalized torsion 2-form as
Another useful covariant quantity is the generalized curvature 2-form which is given by
Since the total derivative of e µ A is zero, then we have ∇ σ ϕ µνλ = 0. From Eq.(11) and Eq. (14) , it is easy to check that the variation of generalized dreibein and generalized spin connection under an infinitesimal Lorentz-like gauge transformation are
where
It is well-known that the ordinary Lie derivative of a diffeomorphism invariant quantity is diffeomorphism covariant but it may be not Lorentz-like covariant. In the manner of papers [22, 23, 24, 25, 19] , we can generalize the Lie derivative so that it becomes covariant under Lorentz-like transformation as well as diffeomorphism. To this end, we consider the ordinary Lie derivative of dreibein along a curve generated by the vector filed ξ, £ ξ e µ = ξ λ ∂ λ e µ + e λ ∂ µ ξ λ . Now we generalize this by adding variation of e µ with respect to an infinitesimal Lorentz-like gauge transformation
If the generator of Lorentz-like gauge transformation λ ξ transforms as
under Lorentz-gauge transformation, then the definition of generalized Lie derivative (21) will be covariant under the Lorentz-like transformations. It is straightforward to extend this expression of the generalized Lie derivative for e µ A to the case for which we have more than one Lorentz-like index. We demand that λ ξ depends on the vector field ξ generating the diffeomorphism and it is not depends on fields in general but in section 5, we will fix it such that Lie derivative of e µ along ξ vanishes explicitly when ξ is a Killing vector field. The generalized Lie derivative of generalized spin-connection, L ξ ω, is not covariant under Lorentz-like transformations, while L ξ ω − dλ ξ will be covariant under the Lorentz-like transformations. Thus, under the generalized local translations we have
therefore they are covariant under the Lorentz-like transformations as well as diffeomorphism. Hence, we can interpret δ ξ as a generalized diffeomorphism transformation. We can use Eq.(23) to obtain behaviour of the metric under this generalized diffeomorphism transformation as
This equation is exactly what we expect. In a similar way, for spin-3 field we obtain
In the last step of the calculation we used f E D(A d BC)E = 0. Since ∇ σ ϕ µνλ is zero, the equation (26) can be rewritten as
thus in a torsion free theory this reduce to
The equation (28) is just the diffeomorphism part of the spin-3 field gauge transformation which was introduced in [26, 27] , so it is clear from Eq. (28) that any transformation under diffeomorphism can be written as a spin-3 field gauge transformation for a torsion free theory. It is well known that Einstein-Hilbert action in the presence of negative cosmological constant in 3-dimension can be reformulated as a Chern-Simons theory with gage group SO(2, 2) ∼ SL(2, R)× SL(2, R) [28, 29] . Similarly, a SL(3, R)×SL(3, R) Chern-Simons theory with the following action describes a three dimensional spin-3 gravity theory [5, 6] (see also [30] ),
where l 2 > 0 corresponds to a negative cosmological constant, and G is Newton's constant. To relate these to the first order formalism based on dreibein and spin-connection we introduce following two independent connection one-form A + and A − ,
By substituting A ± from Eq.(32) into Eq.(30) we obtain the following action which describes a three dimensional spin-3 gravity theory
In the next section we will extend the above Einstein-Hilbert spin-3 gravity action to the spin-3 topologically massive gravity theory. The field equations come from above action are
Since i ξ ω transforms like (22) then one can choose λ ξ = i ξ ω. Notice that this choice is not unique. Using the field equations and by choosing λ ξ = i ξ ω, Eq. (18) and Eq.(19) reduce to
where Ξ = i ξ e. These results are exactly the generalized local translations which were already mentioned in [4, 3, 21] .
Spin-topologically massive gravity
In this section, we consider an action describing the spin-3 field coupled to TMG. This generalization has already been done [11, 12] . In that paper, the authors have studied this model at the linearized level. In this paper, we are interested to consider the Spin-3 Topologically Massive Gravity in nonlinear level and we want to find a general formula for quasi-local conserved charges of the solutions of this model. The Lagrangian of the spin-3 Topologically Massive Gravity is given by [11] 
In the above Lagrangian h is an auxiliary sl(3, R) Lie algebra valued oneform field. Also µ is a mass parameter, σ is a sign and Λ denotes the cosmological parameter.
The general variation of the Lagrangian (36) is given by
We use the symbol Φ to denote all of fields e, ω and h. Here E Φ denotes the equation of motion associated with field Φ. Equations of motion are given as follows:
Also, the surface term Θ(Φ, δΦ) is
If we take
then the equations of motion (38)-(40) reduce to
These are exactly what we are mentioned already in the equation (34) . In this way, all the solutions of the spin-3 gravity (for instance, see [20, 30, 31] ) are solutions of the spin-3 topologically massive gravity.
Quasi-local conserved charges
The action (33) of spin-3 gravity in 3D is invariant under the generalized local Lorentz translations (23) and (24) . In other words, variation of the Lagrangian of spin-3 gravity with respect to the generalized local Lorentz translations is equals to the generalized Lie derivative of the Lagrangian, 
where Ψ ξ is given by
In the calculation of the equation (44), we use the fact that the generalized Lie derivative do not commute with the exterior derivative,
Also, notice that λ ξ does not depend on the fields. In a similar way, one can show that the variation of surface term (41) due to the generalized local Lorentz translations differs form its generalized Lie derivative as
where Π ξ is given by
Now we consider variation of the Lagrangian Eq.(36) due to a generalized local Lorentz translation,
By using Eqs. (44), (49) and from
We will not restrict our study to the on-shell case. One can rewrite Eq. (23) as follows:
where i ξ T = (i ξ T σ ) ν e σ dx ν . Now we rewrite Eq.(24) as
Also, we can show that
By some calculations and using Eqs. (51)- (53), we can simplify the right hand side of the equation (50) as
By substituting Eq.(54) into Eq.(50) we will have
where J ξ is given by
By virtue the following generalized Bianchi identities 4 .
the current J ξ is conserved off-shell, for arbitrary ξ, because the right hand side of Eq.(55) is zero, so dJ ξ = 0. Thus, by the Poincare lemma we find that 4 We can read off the Bianchi identities from the action of considered theory of gravity. To clear this matter, consider the action of a gravity theory in the metric formalism, Sgravity = L. Under an infinitesimal diffeomorphism generated by a vector field ξ, we have δ ξ Sgravity = − √ −gG µν δ ξ gµν+ surface term, where G µν is generalized Einstein tensor. Because δ ξ gµν = ∇µξν + ∇νξµ then δ ξ Sgravity = −2 √ −gG µν ∇µξν+ surface term or δ ξ Sgravity = 2 √ −g∇µG µν ξν + surface term. Dropping surface term by some boundary conditions, we see that the action is diffeomorphism invariant if ∇µG µν = 0, for any non-zero vector field ξ, and this is exactly the Bianchi identities. Thus, using the invariant property of the action under diffeomorphism, we can read off the Bianchi identities. Here, we use the first order and off-shell version of this prescription to read off the Bianchi identities in considered formalism By varying the equation Eq.(56) and using Eq.(36) and Eq.(47), we will have
Now, we restrict our attention to the case in which ξ is a Killing vector field.
On the one hand, we have the following configuration space result given in [32] 
this equality holds when ξ is a Killing vector field. On the other hand, the right hand side of the equation (59) is just the first order formalism version of the off-shell ADT conserved current for the considered theory
(61) One can find the metric formalism version of the off-shell ADT conserved current in [15, 16] . The definition J ADT by Eq.(61) is just resemble of the metric formalism version. Thus, we can rewrite Eq.(59) as follows:
In the last step of the calculations we used of the fact that δΦ ξ − Π ξ = 0 which can be easily read off from Eq.(45) and Eq.(48). Now, it is obvious that J ADT is conserved off-shell for any Killing vector field ξ and we can define the off-shell ADT conserved charge associated with a Killing vector field ξ as
so that through it we can rewrite Eq.(62) as J ADT = dQ ADT . Hence, in the manner of papers [15, 16] , we define the quasi-local charge corresponding to a Killing vector ξ as
where Σ denotes a codimension two space-like surface and integration with respect to s runs over a one-parameter path in the solution space. Also, s = 0 and s = 1 correspond to the background solution and the interested solution, respectively.
By substituting the explicit expressions of the surface term Eq.(41), the Lagrangian Eq. (36) and Eq.(45) into Eq.(56) we obtain J ξ , then using Eq.(58), we find that
This ensures that J ξ is closed and exact off-shell and hence the equations in (57) must be satisfied. Hence, we can express the ADT conserved charge (63) explicitly as follows:
(66) In the section 3, we showed that all the solutions of spin-3 gravity in three dimensions are solutions of the spin-3 topologically massive gravity in the presence of following relations
By substituting the above h into Eq.(66) we find that
It is traditional to write conserved charge in terms of gauge connections A ± . Using Eq.(32) we have
Then we can rewrite the off-sell ADT conserved charge corresponds to a Killing vector field as follows:
(70) If we substitute λ ξ = 0 in Eq.(70), in another word if we consider only covariance under diffeomorphism, then ADT conserved charge reduce to the following
Now if we consider the surface in Eq.(64) as a circle with infinite radius, and insert the above Q ADT into Eq.(64) we obtain
If we take the limit 1 µ → 0, where TMG action Eq.(36) reduce to the Einstein-Hilbert action Eq.(33), the above conserved charge Eq.(72) also in this limiting case reduce to the result presented in [18] exactly (see also [33] ). So we could obtain an extended version of conserved charge presented in [18] in the first order formalism and in off-shell case by the quasi-local approach.
Gauge fixing
In this section, we want to find an expression for λ ξ when the generalized Lie derivative of generalized dreibein Eq. (21) vanishes explicitly where ξ is a Killing vector field. We suggest following expression
The above λ ξ manifestly transforms like Eq.(22) under the Lorentz-like gauge transformation. In the considered Lie algebra, the following relation holds between Killing form and the anti-symmetric structure constants
By substituting Eq.(73) into Eq. (21), and using the metric-connection compatibility condition and the above equation we find that
It is clear now that L ξ e becomes zero when ξ is a Killing vector field, where we have £ ξ g µν = 0. We have introduced λ to be the generator of Lorentz-like gauge transformation (see Eq. (11)). In the equation (11), λ is just an arbitrary function of coordinates. It is easy to see that the ordinary Lie derivative of a Lorentzlike invariant quantity, say e, is not Lorentz-like covariant. On the other hand, the change of e under Lorentz-like gauge transformation is given by Eq. (18) . It was shown that by combining the change due to infinitesimal Lorentz-like gauge transformation with ordinary Lie derivative one can define generalized Lie derivative (21) which is Lorentz-like covariant provided that λ transforms as (22) under Lorentz-like gauge transformation. Simply one can see form Eq.(21) that the change of λ , under infinitesimal Lorentzlike gauge transformation, is given by δλ = −£ ξ λ. So, we expect that λ to be also a function of ξ, i.e. λ = λ ξ (x). Another reason for this comes from the fact that we set total variation due to ξ equal to generalized Lie derivative with respect to ξ and λ ξ is obliged to generate variation due to ξ (see Eq. (23)). Thus, in the formalism presented in this paper, λ should be a function of coordinates and of ξ. We need to have an expression for λ ξ in terms of dynamical fields when we calculate conserved charges of a solution. To this end, we demanded that the generalized Lie derivative of e explicitly vanishes when ξ is a Killing vector field (see Eq. (75)). Hence, to obtain a general expression for the conserved charge (64) corresponds to a Killing vector field we must consider λ ξ as a function of coordinates and of ξ. Eventually, to calculate conserved charges of a solution (by using Eq.(64)) we need to have an expression for λ ξ in terms of dynamical fields so, we substitute λ ξ from Eq.(73).
A general formula for the entropy of black holes
Let us consider a black hole solution of the spin-3 topologically massive gravity. From section 4 we know that any quasi-local conserved charge of black hole corresponding to the Killing vector field ξ is given by Eq.(64). Robert. Wald has proposed that entropy of black holes is related to the concept of conserved charge [34] . He show that entropy of a black hole is proportional to the conserved charge associated to the Killing vector field generating Killing horizon. Here, we follow the method that proposed by Wald which provides a general formula for entropy of black hole. We take the codimension two surface Σ to be the bifurcate surface B. Suppose that ξ is the Killing vector field which generates the Killing horizon, so we must set ξ = 0 on B. Thus, by substituting Q ADT from Eq.(66) into Eq.(64), the conserved charge expression (64) reduces to
Now, we take s = 0 and s = 1 correspond to the considered black hole space-time an the perturbed one, respectively. Therefore, the equation (76) becomes
As we mentioned earlier, λ ξ do not depends on the fields at all, so we have
On the bifurcate surface 5 , we can rewrite Eq.(73) as
Since we have ∇ µ ξ ν = κn µν on the bifurcate surface, where κ is surface gravity and n µν is bi-normal to B, therefore Eq.(79) becomes
Now, we define N A as follows:
since the bi-normal to B is normalized to −2 then N A is normalized to 1, i.e. K AB N A N B = 1. For the stationary black hole solutions, the non-zero components of the bi-normal to B are n tρ = −n ρt , therefore Eq.(81) becomes 5 We assume that the considered theory may be has some black hole solutions (see also our discussion in footnote 6) and we know that a black hole has an outer event horizon on which the norm of Killing vector field generating event horizon vanishes. Consider a general stationary metric as (98). The considered spacetime describes a black hole when it has event horizon. If the equation g 2 tφ − gttg φφ = 0 has a real solution for radial coordinate ρ = ρH then the considered spacetime has an event horizon. We know that, ξ µ ξµ = 0 at ρ = ρH for Killing vector field generating Killing horizon and this happens if ρH exists as a solution of the equation g 2 tφ − gttg φφ = 0 [35] . So, we can take Σ as a codimension two space-like surface to be bifurcate surface. We will find a suitable ξ for an example in section 7. In the other hand, an important property of higher-spin gravity is that the gauge transformation of higher-spin field act nontrivially on the metric. Due to this feature of the theory, the event horizon of black hole become gauge dependent [36] . The authors of [36] have discussed on the solutions of spin-3 gravity previously introduced in [30] , and have shown that those solutions describe a traversable wormhole connecting two asymptotic region, instead a black hole. Then they have shown that under a higher spin gauge transformation these solutions can be transformed to describe black holes with manifestly smooth event horizons.
where t and ρ are time-coordinate and radial-coordinate, respectively. It is obvious that N A is orthogonal to e A t and e A ρ , i.e. K AB e A t N B = K AB e A ρ N B = 0, then it must be proportional to e A φ , where φ denotes the angular coordinate. Because N A is normalized to 1 then we have
by substituting this equation into Eq.(80) we find that
We substitute the above expression into Eq.(78) then we obtain
Now, we can define the entropy of a black hole as
If we set e ab µ = ω ab µ = 0, then the above formula reduces to the entropy formula in the ordinary topologically massive gravity which is obtained in the paper [19] .
Example
The authors of [30] (see also [4] ) have proposed following gauge connections which solve the spin-3 gravity field equations
where b(ρ) = exp (ρL 0 ) and x ± = t/l ± φ. Also, a ± (x ± ) are given by
where L ± (x ± ) and W ± (x ± ) are functions which transform under gauge transformations which preserve the asymptotic conditions (see [4] for details). A representation of generators
is given in appendix. By substituting the gauge connections (87) into Eq. (69) we can find the generalized dreibein as
Similarly, the space-time components of the generalized spin-connections can be find as
By substituting generalized dreibeins Eq.(89) into Eq. (9), the metric takes following form
Now, we try to find energy and angular momentum of this solution. To this end, we take co-dimension two surface to be a circle at infinity and the background solution corresponds to the case in which L ± = W ± = 0. So, for the background solution, we havē
The bar on the top of a quantity emphasizes that quantity calculated on background. Because the spin-3 topologically massive gravity is a torsionfree theory, Eq.(73) reduce to
Energy corresponds to the Killing vector ξ (t) = −∂ t . For this Killing vector on the background, Eq.(93) becomes
By substituting Eqs. (89), (90), (92) and (94) into Eq.(64) we find energy of the considered solution as following
If we take the limit 1 µ → 0 this energy reduces to the result presented in [18] exactly. Angular momentum corresponds to the Killing vector ξ (φ) = ∂ φ . In this case on the background, Eq.(93) becomes
Thus, in a similar way, we can find angular momentum of the considered solution as
We can rewrite the metric (91) as the following form
We have g 2 tφ − g tt g φφ = 0 on the Killing horizon H which leads to the following equation
where we suppose that the Killing horizon is located at ρ = ρ H . In other words, considered solution (91) may be describes a black hole if ρ H is a real positive-definite root of the Eq.(99). 6 To show that for some L ± and W ± such solutions exist, we rewrite Eq.(99) as
6 As has been discussed in [20] a black hole solution of higher-spin gravity should have 3 properties: 1.have a smooth BTZ limit, 2.have a Lorentzian horizon and a regular Euclidean continuation, 3.have a thermodynamical interpretation. The BTZ black hole is a quotient of AdS3, so it is a solution of higher-spin gravity. Simply one can see that by substituting W ± = 0 into metric (91), we obtain BTZ metric. Also in the above we have shown that under some conditions on the functions L ± and W ± , we can find at least one positive real root for ρH . However we are not sure that metric (91) for non-zero W ± can describe a black hole solution of higher-spin gravity. At least we know that these solutions are not black hole with higher spin charges. In order to have a black hole with spin-3 charge, we should extend the a ± (x ± ) in Eq.(88) to contain the chemical potential conjugate to the W charges. This extension has been done in [30] . Now, we pick up the plus sign (one can pick up the minus sign and takes the following procedure to find new conditions). One can use the TschirnhousVieta method 7 of solving the cubic equation. Because √ L + L − > 0 then Eq.(100) has three real roots for e ρ H . Also, the following inequality must be satisfied to have at least one real root for ρ H 0
Now it is enough that root to be positive definite. For instance, in the case where
In the above analysis we just consider some special cases. One can extend the range of solutions with a detailed analysis. Thus, for some L ± and W ± , the equation (99) has real positive definite solutions and we can assume that the solutions (89) can also describe black holes. The angular velocity of Killing horizon is
The angular velocity of Killing horizon is
Now, we want to find the entropy of the considered black hole solution (91) by the entropy formula (86). By substituting ω φ from Eq.(90) into the formula (86) we obtain
7 By using this method, one can find roots of a cubic equation of the form x 3 +px+q = 0 as
It is clear that the considered cubic equation has three real roots if p > 0.
where have we used Eq. (9) . By considering the explicit form of the metric and by using Eq.(99), the above equation becomes
Since the BTZ black hole solution can be described by the connections of the form Eq.(87), we can find simply the energy, angular momentum, and entropy of this black hole by our obtained formula. But we can not use these connections for higher-spin black hole solutions introduced in [30, 36, 20] .
One can see the expression a ± (x ± ) for these class of higher-spin black holes in [18, 33] , where the authors have found the energy and entropy of them. By inserting following functions into metric Eq.(91), we obtain a metric for BTZ black hole of mass M and angular momentum a
In this case, equations (95), (97) and (106) reduce to following quantities, respectively
and
These results are what we expected in the BTZ case. In the equation (110), r − and r + are respectively inner and outer horizon radii of BTZ black hole,
The horizon angular velocity Eq.(104) in this case becomes Ω H = r − lr + , also the surface gravity is
where ξ is the Killing horizon generator vector field. It is worth to say that equations (108)-(112) satisfy the first law of black hole mechanics, that is
where T H = κ/(2π).
Conclusion
The spin-3 gravity is covariant under generalized Lorentz gauge transformation as well as diffeomorphism. Using this fact, one can define quantities (such as generalized torsion 2-form Eq.(16) and generalized curvature 2-form Eq. (17)) so that they are covariant under generalized Lorentz gauge transformation. We saw that inorder to define an exterior covariant derivative, we need to introduce a spin-connection which transform under generalized Lorentz gauge transformations as Eq. (14). The ordinary Lie derivative is not covariant under this transformation so we defined the generalized Lie derivative Eq.(21) so that it is covariant under generalized Lorentz gauge transformations. We showed that by demanding torsion-free condition and choosing λ ξ = i ξ ω, this formalism reduces to ordinary one which is describes by the Chern-Simons action (30) with gauge group SL(3, R) × SL(3, R). In the section 3, we extended our study from spin-3 gravity theory to the topologically massive spin-3 gravity. Presence of the Chern-Simons topological term makes the Lagrangian of this theory, Eq.(36), non-invariant under generalized Lorentz gauge transformations. To obtain the conserved charges of the topologically massive spin-3 gravity therefore we should use the method of obtaining conserved charges in non-covariant theories which firstly was introduced by Tachikawa for ordinary topological massive gravity [37] . Also, we showed that all the solutions of the spin-3 gravity are solutions of the spin-3 topologically massive gravity. In section 4, we found a general formula to calculate conserved charge of the spin-3 topologically massive gravity corresponds to a Killing vector field ξ. We have defined the off-shell ADT current (61) associated to a vector field ξ by virtue of the Bianchi identities (57), then we showed that this current is conserved when ξ is a Killing vector field. Hence, using Poincare lemma, we defined off-shell ADT conserved charge (63) associated to a Killing vector field ξ. Consequently, by integrating off-shell ADT conserved charge, we obtained quasi-local conserved charge (64). It should be noted that this result is independent of the integration surface Σ and then we can use the formula (64) to calculate the conserved charge of solutions which are not asymptotically AdS. We showed that our general formula Eq.(72) reduces to the previous one for the spin-3 gravity presented in [18] when we take into account only transformation under diffeomorphism, without considering generalized Lorentz gauge transformation (i.e. λ ξ = 0), and by taking 1 µ → 0. In the section 5, we fixed generator of Lorentz gauge transformation λ ξ by demanding that generalized Lie derivative of the generalized dreibein e µ becomes zero when ξ is Killing vector field and λ ξ transforms as (22) under generalized Lorentz gauge transformation. In the section 6, we obtained a general formula (86) for the entropy of black hole solutions of the spin-3 topologically massive gravity. In the section 7, we applied this formalism to calculate energy, angular momentum and entropy of a special black hole solution and we have shown that obtained results are consistent with previous results in the limiting cases. Moreover our result for energy, angular momentum and entropy are consistent with the first law of black hole mechanics.
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A SL(3, R) generators
In the section 7, we used the following basis of SL(3, R) generators [4, 30] 
The generators satisfy the following commutation relations
where −1 ≤ i, j ≤ 1 and −2 ≤ m, n ≤ 2. Also, the non-zero traces are 
